HYPERSURFACES IN THE NONCOMPACT GRASSMANN 
MANIFOLD SU 2 , m /S(U 2 U m ) 

JURGEN BERNDT AND YOUNG JIN SUH 

Abstract. The Riemannian symmetric space SU2, m / S(U2U m ), m > 2, is both Hcr- 
mitian symmetric and quaternionic Kahler symmetric. Let M be a hypersurface in 
SU2, m / 'S{U2U m ) and denote by TM its tangent bundle. The complex structure of 
SU2, m / S(U2U m ) determines a maximal complex subbundle C of TM, and the quater- 
nionic structure of SU2,m/S(U2U m ) determines a maximal quaternionic subbundle Q of 
TM. In this article we investigate hypersurfaces in SU2, ml SiUiUm) f° r which C and Q 
are closely related to the shape of M. 



1. Introduction 

Real hypersurfaces in complex space forms have been the source for a vast amount of 
research activity in the last decades. Little is known though about real hypersurfaces 
in other Kahler manifolds, which is of course due to the more complicated geometry of 
other Kahler manifolds. Of particular importance in this context are real hypersurfaces 
M for which the maximal complex subbundle C of the tangent bundle TM of M is closely 
related to the shape of M. The shape of M is encoded in its second fundamental form 
h. Let C L = TM C be the orthogonal of C in TM. The subbundle C x has rank one 
and hence is always integrable. If the integral manifolds are totally geodesic submanifolds 
of M, then M is called a Hopf hypersurface. For the special case of S 2m ~ l C C' m the 
corresponding foliation is the well-known Hopf foliation. It is not difficult to see that M 
is a Hopf hypersurface if and only if h(C,C~ L ) = 0, or equivalently, if C is invariant under 
the shape operator A of M. 

In this paper we investigate Hopf hypersurfaces in the Hermitian symmetric space 
SU 2>m / S(U 2 U m ), m > 2. This symmetric space has rank two. A major geometric dif- 
ference between SU 2tTn / S{U 2 U m ) and its rank one partner, the complex hyperbolic space 
CH m = SUi tm / S(UiU m ), is the existence of geometrically inequivalent tangent vectors. 
In CH m all tangent vectors are geometrically equivalent because of the two-point ho- 
mogeneity of CH m . On SU 2}Tn / S(U 2 U m ), however, there is a one-parameter family of 
geometrically inequivalent tangent vectors, and it therefore seems to be a good choice as 
ambient Kahler manifold for investigating real hypersurfaces. 

The Hermitian symmetric space SU 2 ^ m / S(U 2 U m ) has the remarkable feature that it is 
also a quaternionic Kahler symmetric space. We denote by J the Kahler structure and 
by ^ the quaternionic Kahler structure on SU 2t7n / S{U 2 U m ). Let M be a connected hyper- 
surface in SU 2}Tn / S{U 2 U m ) and denote by TM the tangent bundle of M. The maximal 
complex subbundle of TM is defined by C = {X 6 TM | JX G TM}, and the maximal 
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quaternionic subbundle Q of TM is defined by Q = {X e TM | %X C TM}. The orthog- 
onal complement Q 1 - = TM Q is a subbundle of TM with rank three. In this article we 
deal with the classification problem of all Hopf hypersurfaces in SU2, m / S(U2U m ) for which 
h(Q, Q L ) = 0. This is equivalent to classifying all real hypersurfaces in SU2, m / S(U2U m ) 
for which both C and Q are invariant under the shape operator of M. 

We first present a few hypersurfaces in SU2, m / S{U2U m ) with these two properties. We 
denote by o G SU2 m / S(U2U m ) the unique fixed point of the action of the isotropy group 
S(U 2 U m ) on SU 2 , m /S(U 2 U m ). 

Firstly, consider the conic (or geodesic) compactification of SU2, m / S{U2U m ). The points 
in the boundary of this compactification correspond to equivalence classes of asymptotic 
geodesies in SU 2j7n / S(U 2 U m ). Every geodesic in SU2, m / S{U2U m ) lies in a maximal flat, 
that is, a two-dimensional Euclidean space embedded in SU2, m / ' S{U2U m ) as a totally 
geodesic submanifold. A geodesic in SU2,m/S(U2U m ) is called singular if it lies in more 
than one maximal flat in SU2, m / S(U2U m ). A singular point at infinity is the equivalence 
class of a singular geodesic in SU2, m / S{U 2 U m ). Up to isometry, there are exactly two 
singular points at infinity for SU2, m / ' S{U 2 U m ). The singular points at infinity correspond 
to the geodesies in SU 2 ,m/ S{U2U m ) which are determined by nonzero tangent vectors X 
with the property JX e 3A and JX _L $X respectively. Our first main result is a 
geometric characterization of horospheres in SU 2jm /S(U2U m ) whose center at infinity is 
singular. 

Theorem 1.1. Let M be a horosphere in SU 2jm /S(U 2 U m ), m > 2. The following state- 
ments are equivalent: 

(i) the center of M is a singular point at infinity, 

(ii) / i (C,C ± )=0 ; 

(iii) h(Q,Q ± )=0. 

Secondly, consider the standard embedding of SU2, m -i in SU2, m - Then the orbit 
SU2,m-i -o of SU2, m -i through o is the Riemannian symmetric space SU2, m -i/ S{U2U m -\) 
embedded in SU2, m / S(U 2 U m ) as a totally geodesic submanifold. Every tube around 
SU2, m -i/S{U2U m l l ) in SU 2 , m /S(U 2 U m ) satisfies h{C,C^) = and h(Q, Q x ) = 0. 

Finally, let m be even, say m = 2n, and consider the standard embedding of Sp\, n in 
SU2,2n- Then the orbit Spi ;7l ■ o of Sp\ >n through o is the quaternionic hyperbolic space 
WH n embedded in SU2,2n/ ^(L^^n) as a totally geodesic submanifold. Any tube around 
MH n in SU2,2n/S(U 2 U2n) satisfies h(C,C ± ) = and h(Q, Q r ) = 0. 

The second main result of this article states that with one possible exceptional case 
there are no other such real hypersurfaces. 

Theorem 1.2. Let M be a connected hyper surf ace in SU2, m / S(U2U m ) , m>2. Then M 
satisfies hiC,^) = and h(Q, Q -1 ) = if and only if M is congruent to an open part of 
one of the following hypersurfaces: 

(i) a tube around a totally geodesic 5 , ?7 2 ,m.-i/'S'(^2^m-i) in 5 , C/ 2 , m / l S{L T 2U m ); 

(ii) a tube around a totally geodesic MH n in SU2,2n/ '^(L^^n) , rn = 2n; 

(iii) a horosphere in SU 2 ,m/ S{U2U m ) whose center at infinity is singular; 

or the following exceptional case holds: 

(iv) The normal bundle vM of M consists of singular tangent vectors of type JX _L 
ZX. Moreover, M has at least four distinct principal curvatures, three of which 
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are given by 

a = V2 , 7 = , A = -^= 
with corresponding principal curvature spaces 

T a = (C n Q) 1 - , T 7 = JQ 1 - , T x c c n Q n JQ. 

// // zs another (possibly nonconstant) principal curvature function, then we have 
T^cCnQHJQ, JT^ C T A and ^ C T A . 

One of the main tools for the proof of Theorem 11.21 is the Codazzi equation, which 
provides some useful relations between the principal curvatures of the hypersurface. The 
exceptional case arises from particular values of possible principal curvatures for which 
the Codazzi equation degenerates partially to the equation = and therefore does 
not provide sufficient information. We conjecture that there are no real hypersurfaces 
in SU2,m/ S{U2U m ) whose principal curvatures satisfy the conditions stated in Theorem 
11.21 (iv). It is remarkable that up to this possible exception all hypersurfaces satisfying 
/i(C, C -1 ) = and h(Q, Q 1 ) = are locally homogeneous. 

The article is organised as follows. In Section [2] we discuss some aspects of the geometry 
of horospheres in SU2, m / S(U 2 U m ) and prove Theorem 11.11 In Section [3] we present some 
basic material about the curvature of SU 2 ,m/ S(U2U m ). In Sections H] and [5] we investigate 
the geometry of the tubes around the totally geodesic submanifold SU2,m-i/ S{U2U m ) in 
SU2, m / S(U2U m ) and around the totally geodesic submanifold M.H n = Sp\^ n / Sp\Sp n in 
SU2 ; 2n/S(U 2 U 2n ). We show in particular that h(C,C x ) = and h(Q, Q 1 ) = holds for 
every tube around any of these two totally geodesic submanifolds. In Section [6] we present 
the proof of Theorem 11.21 A key step is Proposition 16.31 where we show that the normal 
bundle of a hypersurface in SU 2>m / S(U 2 U m ) with h^C.C^) = and h(Q, Q 1 ) = consists 
of singular tangent vectors. 

We finally mention that the corresponding classification for the compact Riemannian 
symmetric space SU2+ m / S{U 2 U W ) was obtained in [2]. However, the noncompactness of 
SU2,ml 'S{U 2 U m ) leads to problems which require different methods. 



2. Horospheres in SU 2 ^ m J S{U 2 U m ) 

The Riemannian symmetric space SU 2jTn / S(U 2 U m ) is a connected, simply connected, 
irreducible Riemannian symmetric space of noncompact type and with rank two. Let 
G = SU 2jm and K = S(U 2 U m ), and denote by g and t the corresponding Lie algebra. 
Let B be the Killing form of g and denote by p the orthogonal complement of t in g 
with respect to B. The resulting decomposition g = t © p is a Cartan decomposition 
of g. The Cartan involution 9 G Aut(g) on su 2)?n is given by 0(A) = h^A^^m, where 

h m = ( n ^ 2 ^r'™ ) ' an d h and I m is the identity (2 x 2)-matrix and (m x m)-matrix 
\U mj 2 l m J 

respectively. Then (X,Y) = —B(X,6Y) is a positive definite Ad(-fT)-invariant inner 
product on g. Its restriction to p induces a Riemannian metric g on SU 2jTn / S(U 2 U m ), 
which is also known as the Killing metric on SU2, m / £>(U 2 U m ). Throughout this paper we 
consider SU 2jm / S(U 2 U m ) together with this particular Riemannian metric g. 

The Lie algebra 6 decomposes orthogonally into t = 5U 2 ©su m ©iq, where xq is the one- 
dimensional center of t. The adjoint action of su 2 on p induces the quaternionic Kahler 



4 



JURGEN BERNDT AND YOUNG JIN SUH 



structure 3 on SU 2<m / S(U 2 U m ), and the adjoint action of 

<2 ®2,m 



m+2 

n =g« 

u m,2 m in 



e ui 



induces the Kahler structure J on SU 2>m / 'S{U 2 U m ). By construction, J commutes with 
each almost Hermitian structure J± in Recall that a canonical local basis J±, J 2 , J3 of 
a quaternionic Kahler structure 3 consists of three almost Hermitian structures J 1; J 2 , J3 
in ^ such that J u J v+ \ = J u+2 = —J v +iJ v , where the index v is to be taken modulo 3. The 
tensor field JJ U , which is locally defined on SU 2jm / S(U 2 U m ), is selfadjoint and satisfies 
(JJ U ) 2 = I and tr(JJ u ) = 0, where I is the identity transformation. For a nonzero tangent 
vector X we define RX = {XX \ A G R}, CX = RX © RJX, and HA = MX © 3X. 

We identify the tangent space T SU 2 ^ m j ' S{U 2 U m ) of SU 2i7n / S{U 2 U m ) at o with p in the 
usual way Let a be a maximal abelian subspace of p. Since SU 2jm / S{U 2 U m ) has rank 
two, the dimension of any such subspace is two. Every nonzero tangent vector X G 
T SU 2 , m / S{U 2 U m ) = p is contained in some maximal abelian subspace of p. Generically 
this subspace is uniquely determined by X, in which case X is called regular. If there 
exists more than one maximal abelian subspaces of p containing X, then X is called 
singular. There is a simple and useful characterization of the singular tangent vectors: A 
nonzero tangent vector X G p is singular if and only if JX G %X or JX _L %X. 

Let a* be the dual vector space of a. For each A G a* we define 0a = {A G \ ad(if )X = 
X(H)X for all H G a}. If A 7^ and q x 7^ {0}, then A is called a restricted root and g A is 
called a restricted root space. Let E C o* be the set of restricted roots. For each A G £ 
we define H\ G a by X(H) = (H\, H) for all H G a. Since a is abelian we get a restricted 
root space decomposition g = q © (© AgS 0a) , where 0o = to © a and t = u m - 2 © Ui is 
the centralizer of a in t. The corresponding restricted root system is of type (BC) 2 . We 
choose a set A = {ai, a 2 } of simple roots of £ such that a\ is the longer root of the two 
simple roots, and denote by E + the resulting set of positive restricted roots. If we write, 
as usual, a% — e± — e 2 and a 2 = e 2 , the positive restricted roots are a± = e\ — e 2 , a 2 = e 2 , 
a i + Oi 2 — ex, 2a 2 = 2e 2 , «i + 2a 2 = ei + e 2 and 2ot\ + 2a 2 = 2e\. The multiplicities of 
the restricted roots 2a 2 and 2a.\ + 2a 2 are 1, the multiplicities of the restricted roots «i 
and «i + 2a 2 are 2, and the multiplicities of a 2 and «i + a 2 are 2m — 4, respectively. 
We denote by C + (A) the closed positive Weyl chamber in a which is determined by A. 
Note that C + (A) is the closed cone in o bounded by the half-lines spanned by H ai+a , 2 and 

H ai+2ct2 " 

We define a nilpotent subalgebra n of by n = AeS + 0a- Then = t © a © n 
is an Iwasawa decomposition of 0. The subalgebra s = a © n of is solvable, and the 
corresponding connected subgroup S of G with Lie algebra s is solvable, simply connected, 
and acts simply transitively on SU 2jTn / S{U 2 U m ). Let H G be a unit vector. Then 
s H = s RH is a subalgebra of s with codimension one. The connected subgroup Sh of 
5* with Lie algebra Sh acts on SU 2tTn / S(U 2 U m ) with cohomogeneity one. If H G (7 + (A), 
then the orbits of the action are the horospheres in SU 2tJn / S (U 2 U m ) which are determined 
by the geodesic 7# with 7h(0) = o and 7h(0) = H. We recall from [3] that the shape 
operator Ah of the horosphere Sh • o, the orbit of Sh through o, with respect to the unit 
normal vector H is the adjoint transformation Ah = &d(H) restricted to Sh- 

Recall that the conic compactification of SU 2im / S(U 2 U m ) is given by adding to the sym- 
metric space SU 2tm / S{U 2 U m ) the equivalence classes of its asymptotic geodesies, and then 
equipping the resulting set with the cone topology. If we denote by SU 2tTn / S(U 2 U m ) (00) 
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the boundary of SU2 t m/ S(U2U m ) with respect to the conic compactification, then the 
equivalence class [jh] £ SU 2 , m / S(U2U m )(oc) of all geodesies in SU<i,ml ' SiJJ^Um) which are 
asymptotic to 7# can be viewed as the center of the horospheres given by the S^-action. 
A point in SU2, m / S(U2U m )(oo) is called singular, if the geodesies in the corresponding 
equivalence class are all singular. It is worthwhile to mention that if the tangent vector 
to a geodesic in SU 2t m/ S(U2U m ) is singular at one point, than it is singular at every 
point. Thus it makes sense to talk about singular geodesies. Moreover, if two geodesies 
are asymptotic and one of them is singular, then the other one must be singular as well. 
Therefore we can say that a point at infinity is singular if the corresponding equivalence 
class of asymptotic geodesies consists of singular geodesies. For details about the conic 
compactification and points at infinity we refer to [3]. 

We now proceed with some explicit calculations. We denote by Mk lt k 2 (C) the real vector 
space of all (k x x fc 2 )-matrices with complex coefficients, and by the (k x x A; 2 )-matrix 

f a x 
a 2 

we have 



with all coefficients equal to 0. For a = (ai,a 2 ) G ^ 2 we put A 2;2 ( 



Then 
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{ \C* b) A G U2 ' B E Um ' tr(A) + tr(jB) = °' C e M2 . m ( C ) } 
A G u 2 , Be u m , tr(A) + tr(£) = 

C e M 2 , m (C) 



A 2 , m 

J^m,2 B 
'0 2 ,2 C 

r'* n 

02,2 A 2)2 (a) 2 , m -2 

A 2 ,2(a) 2 ,2 2 , m -2 

m -2,2 m _2,2 m _2, m -2 



a e 



The two vectors 



2 , 2 A 2>2 (1,0) 2 , m _ 2 

( ! = I A 2)2 (1,0) 2 ,2 2 , m _2 

m -2,2 m _2,2 m _2,m-2, 



2 , 2 A 2)2 (0,1) 2 , m „ 2 

i 2 = | A 2j2 (0, 1) 0,.2 (',,„ , 

m -2,2 m _2,2 m _2 im -2. 



form a basis for a. We denote by ei,e 2 G a* the dual vectors of ei,e 2 . Then the root 
system S, the positive roots S + , and the simple roots A = {«i,a 2 } are given by S = 
{±ei ± e 2 ,±ei,±e 2 ,±2ei,±2e 2 }, S+ = {d + e 2 ,e 1 - e 2 , e x , e 2 , 2e u 2e 2 }, a x = e x - e 2 , 
a 2 = e 2 . For each A G X we define the corresponding restricted root space p x in p by 
Pa = (Qx © Q-x) H p. Then we have p = a and 
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For t G [0, 7r/4] we define 
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z G C > = C, 



zGC} =C 



H t = cos (t) ex + sin(t)e 2 G a 



and denote by M t the horosphere which coincides with the orbit Sn t • o. Every horo- 
sphere in SU2, m / SiUzUm) is isometrically congruent to M t for some t G [0, 7r/4], and two 
horospheres M tl and M t2 are isometrically congruent if and only if t\ = t 2 . The principal 
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curvatures of M t with respect to the unit normal vector H t are and X(H t ), A G S + , and 
o RH t and p A consists of corresponding principal curvature vectors. 

Table 2.1. The principal curvatures and corresponding eigenspaces and multiplicites of 
the horosphere determined by H t = cos(i)ei + sin(t)e 2 G a are given by 



principal curvature 


eigenspace 


multiplicity 







1 


2cos(t) 


p2ei 


1 


2 sin(t) 


p2e 2 


1 


cos(t) — sin(t) 


Pe\-e 2 


2 


cos(t) + sin(i) 


Pe 1 +e 2 


2 


cos(i) 


P6! 


2m -4 


sin(i) 


Pe 2 


2m -4 



Thus the number of distinct principal curvatures is 7 for m > 2 and 5 for m = 2 unless 
t G {0, arctan(i), |}. In these three cases we get the following table: 

Table 2.2. The principal curvatures and corresponding eigenspaces and multiplicites of 
the horosphere determined by H t = cos(t)ei + sin(t)e2 G a with t G {0, arctan(^), j} are 
given by 



t 


principal curvature 


eigenspace 


multiplicity 








Ke 2 © pe 2 © 


P2e 2 


2m -2 




1 


Pei © Pei-e 2 


© Pei+e 2 


2m 




2 


P2 £1 




1 


arctan(|) 





K(ex - 2e 2 ) 




1 




l/VE 


Pe 2 © Pe 1 -e 2 




2m -2 






Pei © P2e 2 




2m -3 






Pei+e 2 




2 






P2ei 




1 


7T 

4 





K(ei - e 2 ) e 


^ Pei-e 2 


3 




1/V2 


Pei © Pe 2 




4m - 8 




V2 


P 2ei © P2e 2 9 


5 Pei+e 2 


4 



We now investigate the maximal complex subbundle Ct of TM t . We recall that the 
complex structure J on p = T SU2, m / S{U2U m ) is given by JX = ad(Z)X for all X G p, 

( mi j q \ 

"1 +2 -2i'7 ) • ^ n particular, we get 

JH t = iH t G p 2 ei ©P2e 2 - 

The maximal complex subbundle Ct of Mj is invariant under the shape operator of M t if 
and only if JH t is a principal curvature vector. Using the above tables and root space 
descriptions it is easy to see that JH t is a principal curvature vector of M t if and only 
if t G {0, |}. These two values for t correspond exactly to the boundary of the closed 
positive Weyl chamber C + (A), and therefore to the two types of singular geodesies on 
SU 2 , m /S(U 2 U m ). 
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The quaternionic Kahler structure 3 on SU2 tm /S(U 2 U m ) is determined by the transfor- 
mations ad(Q) on p with 



Q e 



A G su 2 Ct. 



A 2 , m 

We now investigate the maximal quaternionic subbundle Q t of TM t . For t = we have 
H = ei and 

3H = p 2ei © (3# Q n (p ei _ £2 © p £l +6 2 ))- 

Using Table [22] we see that Z&i is invariant under the shape operator of M . This implies 
that the maximal quaternionic subbundle Qq of TM is invariant under the shape operator 
of M . Next, for t = | we have if| = 4§(ei + e 2 ). In this case we get 

0L£f| = p ei+e2 © n (p 2ei © P2e 2 )), 

which is contained in the A/2-eigenspace of the shape operator according to Table 12.21 
It follows that the maximal quaternionic subbundle Q| of TMil is invariant under the 
shape operator of M|. Finally, for < t < | we see that 

C p 2ei © p 2t2 © P ei - £2 © Pe 1+ e 2 - 

We see from Table 12.11 and Table 12.21 that the four root spaces we just listed correspond 
to distinct principal curvatures, and $H t is not equal to the sum of any three of them. 
We thus conclude that for < t < f the maximal quaternionic subbundle of TM t is not 
invariant under the shape operator of M t . 

We finally note that the angle between JH t and ZHt is equal to It. Therefore the 
horospheres with a singular point at infinity are characterized by the geometric prop- 
erty that their normal vectors H satisfy JH e 2H or JH _L $H. Since horospheres in 
SU2, m / S(U 2 U m ) are homogeneous hypersurfaces, and isometries of 5'[/ 2im /S'(6 r 2 L r m ) pre- 
serve angles as well as complex and quaternionic subspaces, it follows that the horospheres 
with a singular point at infinity can be characterized by the property that JH e $H or 
JH _L ZH for some nonzero normal vector. This finishes the proof of Theorem 11.11 

3. Curvature of SU 2 , m /S(U 2 U m ) 

In this section we review some facts about the curvature of the Riemannian sym- 
metric space SU2, m / S(U 2 U m ) equipped with the Killing metric g. We denote by R 
the Riemannian curvature tensor of SU 2)m / S(U2U m ) with the convention R(X,Y) = 
VxVy — VyVx — Vpc.Y] for all vector fields X,Y on S , L r 2jm /S'(?7 2 [/ m ), where V is the 
Levi Civita covariant derivative of SU 2l m/S(U2U m ). Locally the Riemannian curvature 
tensor R can be expressed entirely in terms of the metric g, the complex structure J, and 
the quaternionic Kahler structure 3: 



R(X,Y)Z = -~ 



g(Y, Z)X - g(X, Z)Y + g(JY, Z)JX - g(JX, Z)JY - 2g(JX, Y)JZ 

3 

+ {9(JuY, Z)J U X - g{J u X, Z)J V Y - 2g(J u X, Y)J U Z} 

v=\ 

3 -, 

+ idiJuJY, Z)J V JX - g{J„JX, Z)J U JY} 
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where Ji, J2, J3 is a canonical local basis of X The Riemannian curvature tensor for the 
compact symmetric space SU2+ m / S(U2U m ) was calculated explicitly by the first author in 
PQ. The concept of duality between symmetric spaces of compact and noncompact type 
implies that the Riemannian curvature tensors of SU2+ m / S(U2U m ) and SU2, m / S(U2U m ) 
just differ by sign. The factor | is a consequence of choosing the Killing metric. The 
sectional curvature K of the symmetric space SU2, m / S(U2U m ) equipped with the Killing 
metric g is bounded by —4 < K < 0. The sectional curvature —4 is obtained for all 
2-planes CX where X is a nonzero vector with JX G $X. 

The Jacobi operator with respect to X is the selfadjoint endomorphism defined by 
RxY = R(Y, X)X. We will need later the eigenvalues, eigenspaces and multiplicities of 
Rx in case X is a singular unit tangent vector. As we remarked above, there are two 
types of singular tangent vectors, namely of type JX _L jX and JX G $X. In the second 
case we can write JX = J\X with some almost Hermitian structure J\ G Z- 

Table 3.1. The eigenvalues, eigenspaces and multiplicites of the Jacobi operator Rx for 
a singular unit tangent vector X are given by 



type 


eigenvalue 


eigenspace 


multiplicity 


JX _L jX 




1 
2 

-2 


RX © 3 JX 

(RX © RJX © 3X © ZJX) 1 
RJX © ZX 


4 

4m - 8 
4 


JX = j x x e ZX 




-1 
-4 


RX © {Y | Y JL HX, JY = -JtY} 

(MX © CX) © {Y | Y _L HX, JY = J\Y} 

RJX 


2m- 1 

2m 

1 



4. The action of SU 2 ,m-i on SU 2 , m /S(U2U m ) 

In this section we investigate the action of SL^m-i 011 SU 2)m / S(U 2 U m ). It is clear that 
su2, m -i is invariant under and hence the orbit W = SU2, m -i • o through o is a totally 
geodesic submanifold of SU2, m / S(U2U m ). The isotropy subgroup at o can easily seen to 
be equal to S{JJiU m -x), and therefore W = SU2, m -i/ ' S{UzU m -x). The tangent space T Q W 
and the normal space v W are given by 

a ,i 

Om-1,1 

0i,i 




L7GM 2 , m _i(C) 



v W 



and the isotropy subalgebra is 

^4 02, m _l 02,1 

Om-1,2 B m _i,i 
0i,2 0i m _i O11 




D G M 2 ,i(C) ^ C 2 



A G u 2 , 5 G U m _i, tr(A) + tr(S) = 



From this we see that the slice representation of the isotropy subgroup on the normal 
space v W is conjugate to the standard C/2-action on C 2 . Since U2 acts transitively on 
the unit sphere in C 2 , we conclude that the action of SU2, m ~i on SU2, m / S(U2U m ) is of 
cohomogeneity one, that is, the codimension of a generic orbit is one. This implies that the 
principal orbits of the S , 6 r 2 , m -i-action on 5C/ 2 , m / S(U2U m ) are the tubes around the totally 
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geodesic submanifold W = SU 2}Jn _i/ ' S(U 2 U m -i)- We now proceed with calculating the 
principal curvatures and the corresponding principal curvature spaces and multiplicities 
of the tube W r of radius r G R + around W. 

Using the explicit description of the complex structure J and the quaternionic Kahler 
structure Z given in Section [2] we see that the 4-dimensional normal space v D W is invariant 
under both J and Z- This implies that every normal vector N in v a W is singular of type 
JN G ZN. We fix a unit normal vector N G v Q W and denote by 7 : R — > SU 2>m / 1 S(U 2 U m ) 
the geodesic with 7(0) = o and 7(0) = N. The tangent vector j(r) is a unit normal vector 
of the tube W r at j(r), and we denote by A r the shape operator of W r with respect to 
— j(r). By 7- 1 - we denote the subbundle of the tangent bundle of SU 2im / S(U 2 U m ) along 7 
consisting of all hyperplanes orthogonal to 7, and by we denote the Jacobi operator 
R(-, 7)7 restricted to 7 -1 . Now consider the End(7 _L )-valued ordinary differential equation 



Y +R^oY 



, Y(Q) 



I Am- A 
03,4m-3 



04m-4,3 
3 ,3 



Y'(0) 



04m-4,4m-4 
03,4m-3 



04m-4,3 



where the decomposition of the matrices is with respect to the parallel translation along 
7 of the decomposition 7 _L (0) = T Q W © (v W H 7(0)-*-). There exists a unique solution 
Z) of this differential equation, and the shape operator can be calculated by means of 
A r = D'(r) o D~ l (r). A straightforward calculation gives the following table 

Table 4.1. The principal curvatures and their eigenspaces and multiplicities of the tube 
W r with radius r G R + around the totally geodesic submanifold W = SU 2tm -x/S(U 2 U m -i) 
in SU 2<m / S(U 2 U m ) are given by 



principal curvature 


eigenspace 


multiplicity 




tanh(r) 
coth(r) 
2 coth(2r) 


\\ r {Y G T W 
1 {Y G T W 

Wr unqcn 

Wr RJN 


JY = -J X Y} 
JY = J ± Y} 


2m -2 
2m -2 
2 
1 



In this table J\ G Z denotes the almost Hermitian structure such that JN = J\N, and 
|| r denotes parallel translation along 7 from T SU 2im /S(U 2 U m ) to T 7 r r \SU 2)m /S(U 2 U m ). 
We denote by C r and Q r the maximal complex subbundle and the maximal quaternionic 
subbundle of TW r respectively For a principal curvature A we denote by E\ the cor- 
responding eigenspace. Since both the Kahler structure and the quaternionic Kahler 
structure are invariant under parallel translation, Table 14.11 shows that 

Q r = Eq © #tanli(r)j 
C r = Eq © -E'tanh(r-) © -E'coth(r)- 



This proves that both C r and Q r are invariant under the shape operator. We summarize 
this in 



Theorem 4.2. Let W r be the tube of radius r G R + around the totally geodesic subman- 
ifold W = SU 2)m -i/ S(U 2 U m _i) in SU 2>m / S(U 2 U m ) . The maximal complex subbundle C r 
and the maximal quaternionic subbundle Q r of TW r are both invariant under the shape 
operator ofW r , that is, /i(C r ,C^) = and h(Q r , Q^r) = 0. 
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5. The action of Sp hn on SU 2 , 2n / 'S(U 2 U 2 n) 

In this section we investigate the action of Spi, n on SU 2y2n / S(U 2 U 2n ) . We realize spi, n 
as a subalgebra of su 2j2n by means of 



Spl.n 



— C2 — Ci 

U 1 L/ 2 -Dl -t>2 

\C 2 * -C? -B 2 Si / 



i£l, ,2 g C, d, C 2 e Mi, n (C) I 

-Bi G u n , -B2 G M„ ;n (C) symmetric | ' 



Clearly, spi in in invariant under the Cartan involution on su 2t2n - Therefore the orbit 
W = Spi tn -o through o is a totally geodesic submanifold of SU 2j2n / S (U 2 U 2n ) . The isotropy 
subalgebra at o is 



/ ix z 

—z —ix 

0l, n 0i )Tt 

\0l, n 0i ; „ 



0l, n 
0l, n 
#1 

-s 2 



Oi.A 

0l, n 



x£l, z e C, Bi G u„, I 
#2 G M„ jn (C) symmetric | ' 



and is isomorphic to spi © sp n by means of 



Sp! = 
Spn = 



IX 

—z 



B l 
-B 2 



z 

-ix 
B 2 



x eR, zeC 



B\ G u n , B 2 G M ni?l (C) symmetric 



Therefore W is isometric to the n-dimensional quaternionic hyperbolic space MH n = 
Spi, n / SpiSp n . The tangent space T W and the normal space u W are given by 



T W 



v W 



/o 





Ci 


c 2 \ 








^2 


-c, 


c* 


c* 





















c 2 \ 










c 1 


c* 


-c* 


On, n 


On, n 


\C 2 


c* 


On,n 


On,n y 



Ci, C 2 G M 1;n (C) > = HP 1 , 



Ci, C 2 G M 1;n (C) > = HP 1 . 



A straightforward calculation shows that the slice representation of the isotropy sub- 
group SpiSp n on v W is conjugate to the standard representation of SpiSp n on HP 1 . Since 
SpiSp n acts transitively on the unit sphere in HP, we conclude that the action of Sp ljn 
on SU 2i2n /S(U 2 U 2n ) is of cohomogeneity one. This implies that the principal orbits of the 
Sj9i 5 „-action on SU 2j2n / S(U 2 U 2n ) are the tubes around the totally geodesic submanifold 
W = MH n . We now proceed with calculating the principal curvatures and the corre- 
sponding principal curvature spaces and multiplicities of the tube W r of radius r G M+ 
around W. This can be done as in the previous section. The only difference is that here 
the ordinary differential equation is given by 



Y" + R±oY = 0, Y(0) = ( n hn 
' \U 4n _i. 







An An— 1 



An 







4n-l,4n-l 



, Y'(0) 



0<4n,4n 
04n-l,4n 



04n,4n— 1 
hn-1 
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Table 5.1. The principal curvatures and their eigenspaces and multiplicities of the tube 
W r with radius r 6 R + around the totally geodesic submanifold W = Spx >n / ' SpiSp n = 
WH n in SU22.nl S{U2U2n) (ire given by 



principal curvature 


eigenspace 


multiplicity 




^tanh(^r) 
v / 2tanh( v /2r) 

v^coth^r) 


WrZJN 

\\ r ToWQUJN 

\\ r RJN 

\\r VoWQMN 


3 

An - A 
1 

An- A 
3 



We denote by C r and Q r the maximal complex subbundle and the maximal quaternionic 
subbundle of TW r respectively. By inspection of Table 15.11 we obtain 

Q r = E ® E^ tSLnh ^ r) © £y2tanli(V2r) © E -j= coth(-±=r) > 
C r = E ® ^_^ tanll( _^ r) © ^_^ coth (^ r) © E^ coth ^ r) . 

This proves that both C r and Q r are invariant under the shape operator. We summarize 
this in 

Theorem 5.2. Let W r be the tube of radius r e K + around the totally geodesic submani- 
fold W = Spx t n/ SpiSp n = MH n in SU%^ n l 'SiJJ^U^n) ■ The maximal complex subbundle C r 
and the maximal quaternionic subbundle Q r of TW r are both invariant under the shape 
operator ofW r , that is, h{C T ,Cr) = and h(Q r , Q^) = 0. 



6. Proof of Theorem 11.21 

Let M be a connected hypersurface in SU2, m / S{U2U m ) and assume that the maximal 
complex subbundle C and the maximal quaternionic subbundle Q of TM are invariant 
under the shape operator A of M, that is, h(C,C x ) = and h(Q, Q^) = 0. The induced 
Riemannian metric on M will also be denoted by g, and V denotes the Riemannian 
connection of (M, g) . Let N be a local unit normal field of M and A the shape operator 
of M with respect to N. Since all our calculations are of local nature, we will assume for 
simplicity that N and other objects as local canonical bases of 3 are globally defined on 
M. The Kahler structure J of SU2, m / S(U2U m ) induces on M an almost contact metric 
structure (0, £, 77, g), where the vector field £ on M is defined by £ = —JN, the one- 
form rj on M is defined by r)(X) = g(X,£), and the tensor field <p on M is defined by 
cf)X = JX — i](X)N. Furthermore, let J\, J2, J3 be a canonical local basis of 3- Then 
each J u induces an almost contact metric structure (<p u , r) u , g) on M. The following 
identities are easy to establish and are used frequently throughout this section: 

Here, and below, the index v is to be taken modulo 3. Using the explicit expression for 
the Riemannian curvature tensor of SU 2t m/ S{U2U m ) given in Section^ we can write the 



HYPERSURFACES IN THE NONCOMPACT GRASSMANN MANIFOLD SU 2 , m / r S(U 2 U m ) 13 

Codazzi equation as 

1 



(V X A)Y - (V Y A)X = } 



ri(X)<f>Y- V (Y)<f>X-2g(<l>X,Y)Z 

3 

+ ^{t^PO^Y - T, v (Y)(f> v X - 2g{<t> v Xi Y)&} 

v=\ 
3 

+ Y,WuX)MY - r]((f) u Y)(f) u (j)X} 

v=\ 
3 

+ J2MXH^Y) -^ym^x)}^ 



The Codazzi equation is a substantial tool for establishing relations between principal 
curvatures. 

Proposition 6.1. Assume that the maximal complex subbundle C of TM is invariant 
under the shape operator A of M. Then £ is a principal curvature vector field on M , say 
A£ = cn£. Moreover, if X G C is a principal curvature vector of M, say AX = XX , then 

3 

(2A - a)A<f)X + (1 - a\)<pX = J^iM&MMZ ~ V»(X)M ~ v(<f>vX)Z« ~ V&)<l>vX}. 

Proof. Since the tangent bundle TM decomposes orthogonally into TM = R£ © C, it is 
clear that the assumption AC C C implies A£ = a£ for some smooth function a on M. 
Using the Codazzi equation we get for arbitrary tangent vector fields X and Y that 

3 

g(<f>X, Y) - J2{v»(X)v(<PvY) - Vu (Y) V (<p u X) - g{<f> v X, *>(£„)} 

= g((V x A)Y-(V Y A)X,0 

= g((VxA)Z,Y)-g((V Y A)S,X) 

= (Xa)ri(Y) - (Ya)rj(X) + ag((A<f) + 4>A)X, Y) - 2g(A4>AX, Y). 
For X = £ this equation yields 

3 

Ya = ^a) V (Y) + 2j2v(^)v(^Y). (6.1) 
Inserting this and the corresponding equation for Xa into the previous equation gives 

3 

g((f>X, Y) - J^MXH^Y) - ^(YM^X) - g^X, Y) V &)} 

u=l 

3 

= 2 Y^{v(Y)v(<PuX) - r,(X)7,(<p v Y)}7,(£ v ) + ag{{A<j> + <j>A)X, Y) - 2g(Ac/>AX, Y). 
If we now insert X G C with AX = XX, the equation in Proposition 16 . II follows easily. □ 
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Since the quaternionic Kahler structure structure 3 is invariant under parallel transla- 
tion on SU 2;7n / S(U 2 U m ), there exist one-forms qi,q 2 ,q3 such that 

VxJv = qu+2{X)J u+ \ — q u+ \{X)J u+ 2 

for all vector fields X on SU 2m /S(U 2 U m ), where V is the Levi Civita covariant derivative 
on SU2,m/S(U 2 U m ). 

Proposition 6.2. Assume that the maximal quaternionic subbundle Q ofTM is invariant 
under the shape operator A of M. Then there exists a canonical local basis J\, J 2 , J3 of 
Z such that is a principal curvature vector field of M, say A^ v = j3 u ^ v . Moreover, if 
X G Q is a principal curvature vector of M, say AX = XX , then 

(2A - (3 v )A<t>»X + (1 - \(3 v )<t> v X 
= {2 V (^) V ( ( / )u X) - 77(^+1)77(^+1^) - v(U2)v(^ + 2Xm u 
~ P v+1 )q v+2 (X)£ v+1 - (A, - p v+2 )q v+ i(X)£ v+2 

-n^ v )(f>x - v(<f>„x)t; - v (x)<f>^ + v (<t> v+2 x)<f>t; v+1 - 77(^+1^)^+2 

holds for all v e {1, 2, 3}. 

Proof. Since the tangent bundle TM decomposes orthogonally into TM = ZN © Q, it 
is clear that the assumption AQ C Q implies that there exists a canonical local basis 
J\i J2, J3 of 3 such that A£ v = (3 V ^ V for some functions f3±, 02, $3 on M. Using the Codazzi 
equation we get for arbitrary tangent vector fields X and Y that 

g(<f>X, Y>(&,) + g(<f>,,X, Y) - ^X^Y) + ^Y^X) 

- Vu+1 (X) Vv+2 (Y) + Vu+1 (Y)r) u+2 (X) 

-T]{4> v+1 X)r]{4> v+2 Y) + r]{4> v+1 Y)r]{4> v+2 X) 
= g((W x A)Y-(W Y A)X,Q 
= g((V x A)^,Y)-g((V Y A)^,X) 

= (Xp„)r) u {Y) - (Y[3 u ) Vu (X) + (3 v g{{A(t> v + </> v A)X, Y) - 2g(A<p u AX, Y) 
+(& ~ P v+1 ){q v+2 (X)ri v+1 (y) - q v+2 (y)ri v+1 (X)} 
-(A, - p v+2 ){q u+1 (X)ri v+2 (Y) ~ qv + i(Y) Vu+2 (X)}. 

For X — £ v this equation yields 



YP V = (£Mvv(Y) + 277(^)77(0^) - 77(^+1)77(^+1^) - V(U2)V^U+2Y) 
+(& - Pv+i)qv+2{t,v)r) v+ i{Y) - (f3 v - (3 v+2 )q v+1 (t, v )r) v+2 (Y). 
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Inserting this and the corresponding equation for Xf3 v into the previous equation gives 
gitX, Y)r}(£ v ) + gfaX, Y) - V (X) V (^Y) + r,(Y)v(<t>vX) 

-^ +1 (x)^ +2 (r) + Vv+1 (Y) Vv+2 (x) 

-rjtfu+xXM^Y) + r/(0, +1 F)r ? (0, +2 X) 
= p v g{{A<j> v + <f>„A)X, Y) - 2g(A<f) u AX, Y) 
-rtUiHvi^+iX^iY) - r ] {ct> v+x Y)r lv {X)} 
-v(Cu + 2){v(4> v+ 2X)Vu(Y) - V (4>„ + 2Y) Vv (X)} 
-2 v (^){ V (<p u Y)r] v (X) - ni^X^Y)} 

+(A, - ^ +1 ){^ +2 (^)(^ +1 (x)^(y) - Vu+1 (Y) Vu (x)) 

+q u+2 (X) Vu+1 (Y) - q„ +2 (Y)r,„ +1 (X)} 
-(#, - ^ +2 ){q v+1 ^)(Vu + 2(X) Vu (Y) - Vu+2 (Y) Vu (X)) 
+q u+1 (X)r ]u+2 (Y) - q v+1 (Y) Vu+2 (X)}. 

If we now insert X G Q with AX = XX, the equation in Proposition 16.21 follows by a 
straightforward calculation. □ 

We will now combine the two previous results. 

Proposition 6.3. Assume that the maximal complex subbundle C ofTM and the maximal 
quaternionic subbundle Q of TM are both invariant under the shape operator A of M. 
Then the normal bundle vM of M consists of singular tangent vectors of SU 2 , m / S{U 2 U m ) . 

Proof. By Propositions 16.11 and 16.21 we can assume that A£ = a£ and A£ v = (3 V ^ V . Since 
TM decomposes orthogonally into TM = $N © Q, there exist unit vectors Z G $N and 
X G Q such that f = rj(Z)Z + T]{X)X. We then get 

ar](Z)Z + arj(X)X = a£ = A£ = r](Z)AZ + T](X)AX. 

Since both $N and Q are invariant under A, we have AZ G $N and AX G Q. 

Assume that rj(X)r)(Z) ^ 0. The previous equation then implies AZ = aZ and AX = 
aX, and thus we can insert X into the equation of Proposition 16.21 Without loss of 
generality we may assume that Z = £ 3 . Taking the inner product of the equation for the 
index v = 1 in Proposition 16.21 with £ 2 leads to 

V (X)r ] (Z) = (p 2 -p 1 )q 3 (X), 

and taking the inner product of the equation for the index v = 2 in Proposition 16.21 with 
f i gives 

Adding up the previous two equations yields T)(X)t](Z) = 0, which contradicts the as- 
sumption 7](X)i](Z) 7^ 0. Therefore we must have f](X)i](Z) = 0, which means that £ is 
tangent to $N or tangent to Q. Since £ = — JN this implies that either JN G $N or 
JN G Q _L $N, and we conclude that N is a singular tangent vector of SU 2jm / S{U 2 U m ) 
at each point. □ 



We proceed by investigating separately the two types of singular tangent vectors. 
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6.1. The case JN _L $N. In this subsection we assume that JN _L ZX . In this situation 
the vector fields £, £1, £ 2 , £3, </>£i, <t>£,2, 4>£,3 are orthonormal. 

Lemma 6.4. For each v G {1, 2, 3} we have A(f>^ v = jv&^v, and one of the following two 
cases holds: 

(i) a(3 u = 2 and ^ v = 0, 

(ii) a = p v 7^ and j v = s^2. 

Proof. When we insert X = with = into the equation in Proposition 16.11 we 

get 

(2A, - a)A^ u = (aA, - 2)0^, 
and when we insert X = £ with At; = a£ into the equation in Proposition 16.21 we get 

(2a - p v )A<p^ = (a(3 v - 2)0f„. 

These two equations imply (i) for = 2 and (ii) for aj3 u 7^ 2. □ 

Lemma 6.5. We have Pi — P2 — P3 ='■ P, 7i = 72 = 73 =: 7 = and a/3 = 2. 

Proof. By evaluating the equation in Proposition 16.21 for X = 0£„ + i and A = 7^+1 we get 

27^+17^+2 = Pv(lv+i + lu+2) (6.2) 

for all v G {1,2,3}. Since p v 7^ for all z/ G {1,2,3} according to Lemma l6T4"l this 
implies that either ji = 72 = 73 = or 7^ 7^ for all v G {1, 2, 3}. Assume that 7^ 7^ 
for all v G {1,2,3}. Then, using Lemma l6\4"l we have 7^ = ^— ^ and P u = a for all 
f G {1, 2, 3}, and inserting this into (I6.2p yields a 2 = 2. However, a 2 = 2 implies 7^ = 0, 
which contradicts our assumption that 7^ 7^ for all v G {1,2,3}. We therefore must 
have 71 = 72 = 73 = 0, and the assertion then follows from Lemma [6.41 □ 

We now derive some equations for the principal curvatures corresponding to principal 
curvature vectors which are orthogonal to M JN © ZX © ZJX . Note that the orthogonal 
complement of RJX © %N © ZJN in TM is equal toCnQn JQ. 



Lemma 6.6. Let X G C n Q n JQ usta AX = 



AX. T/ien we /iave 

(aA - 1)0X, (6.3) 
(2A - a)(t) u X. (6.4) 



(2A-a)A/>X = 
2(aA-l)A^X = 



Proof. Equation (16. 3p follows from Proposition 16. 1[ and (16.41) follows from Proposition 16.21 
using the fact that aP = 2 according to Lemma [6.51 □ 

If we assume 2A — a = 0, we get aA = 1 from (16.31) and therefore a 2 = 2. Since aP = 2 
this implies a = p. For this reason we consider the two cases a 7^ P and a = P separately. 

We first assume that a 7^ p. Then we must have 2A — a 7^ and therefore also 
aA - 1 7^ by Q. From (JS3D we then get 

A<j) v+1 X = 2A - ,, ^+iX. 
2(aA — 1) 

Applying (16. 4p to 4> u +iX we obtain 



^0^0^+iX = A0„0,, + iX. 
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On the other hand, by (16.41) we also have 

A(f) u+2 X = f\ - (j) u+2 X. 
2{aA — 1) 

Since <p v (f) v+ iX = <ft u+2 X, the previous two equations imply that A is a solution of the 
quadratic equation 

2a\ 2 - 4A + a = 0. 

This shows that A restricted to C PI Q H JQ has at most two eigenvalues. Moreover, each 
solution of2aA 2 — 4A + a = satisfies 2 la\-i) = ^' wn i cn means that the corresponding 
eigenspace is J- invariant. From (16. 3p we see that <pX is a principal curvature vector with 
principal curvature 2 x-l - ^ we assume that = A, we get 2A 2 — 2a\ + a = 0, which 
together with 2a\ 2 — 4A + a = leads to A = (which leads to a = and contradicts 
a(3 = 2) or a 2 = 2 (which because of a(3 = 2 leads to a = (5 and contradicts the 
assumption a ^ (3). Therefore we must have 2x-a ^ ^" Altogether this shows that A 
restricted to C fl Q H JQ has precisely two eigenvalues, namely the two solutions Ai and 
A 2 of 2aA 2 — 4A + a = 0, and that J maps the two eigenspaces onto each other. It is easy 
to see that Ai + X 2 = - = 3 ^ 0. 

From (16.11) we see that the gradient grad a of a on M satisfies grad a = (£a)£. For the 
Hessian hess Q (X, Y) of a we then get 

hess a (X,F) = g{V x {(£a)0,Y) 

= X(Ca) V {Y) + (Ca)g{V x ^Y) 
= X^a) V (Y) + ^a)g(<pAX,Y). 
Since the Hessian of a function is symmetric, this implies 

X(ta) V (Y) - Y{Za)ri(X) + (Za)g((A<f> + <j>A)X, Y) = 0. 

Inserting X = £ yields Y(l;a) = C,(C,a)r](Y) , and inserting this and the corresponding 
equation for X(£a) into the previous one shows that 

(£a)g((A0 + 0A)X,Y)=O. 

As we have seen above, on C fl Q fl JQ we get (A(f) + (pA)X = 3X, and since 3 ^ 
we conclude that (,a = and hence grad" = (£a)£ = 0. Since M is connected we 
obtain that a is constant. From 2aA 2 — 4A + a = we get a 2 < 2, and hence we can 
write a = \[2 tanh(y / 2r) for some positive real number r and some suitable orientation 
of the normal vector. Writing a in this way, the two solutions of 2aA 2 — 4A + a = 
can be written as Ai = ^tanh(-^r) and X 2 = coth(-^r) . From a3 = 2 we also get 

3 = V2coth(V2r). 

We now assume that a = (3. Since a(3 = 2 we may assume that a = y/2 (by a suitable 
orientation of the normal vector). Assume that there exists a principal curvature A of A 
restricted to C fl Q fl JQ such that A ^ -j=. From ( 16. 31) we then get 



and from (16. 4p we obtain 



A<f)X = ^-^<PX = -Ux, 
2A — a v2 



A<j> u X = 2A - - <f> v X = ^ V X. 
2[a\ - 1) y/2 



18 JURGEN BERNDT AND YOUNG JIN SUH 

Thus we have proved: 

Proposition 6.7. One of the following three cases holds: 

(i) M has five (four for r = v / 2Artanh(l/A/3) in which case a = \ 2 ) distinct constant 
principal curvatures 

a = v / 2tanh( v / 2r) , f3 = v / 2coth(v / 2r) ,7 = 0, 

Al = 71 tanh( ~7f r ' ) ' A2 = 71 C0th ^ r ^' 

and the corresponding principal curvature spaces are 

T a = C x ,T P = Q X , T 7 = JQ X = JTp. 

The principal curvature spaces T Xl and T\ 2 are invariant under 3 and are mapped 
onto each other by J. In particular, the quaternionic dimension of SU 2 , m / S{U 2 U m ) 
must be even. 

(ii) M has exactly three distinct constant principal curvatures 

a = /3 = V2, 7 = 0, X = ^= 

with corresponding principal curvature spaces 

T a = (C n Q) 1 - , T 7 = JQ L , T A = c n Q n JQ. 

(iii) M has at least four distinct principal curvatures, three of which are given by 

a = (3 = V2, 7 = 0, A = -J= 

with corresponding principal curvature spaces 

T Q = (C n Q) 1 - , T 7 = JQ 1 - , T x c c n Q n JQ. 

If Ii is another (possibly nonconstant) principal curvature function , then JT^ C T A 
and 3T p C T A . 

Assume that M satisfies property (i) in Proposition 16.71 Then the quaternionic di- 
mension of SU 2tTn / S(U 2 U m ) is even, say m = In. For p e M we denote by c p : K — ► 
SU 2>2n /S(U 2 U 2n ) the geodesic in SU 2>2n /S(U 2 U 2n ) with c p (0) = p and c p (0) = iV p , and 
define the smooth map 

F : M - SU 2>2n /S(U 2 U 2n ),p ^ c p (r). 

Geometrically, F is the displacement of M at distance r in direction of the unit normal 
vector field N. For each p e M the differential <i p .F of F at p can be computed using 
Jacobi vector fields by means of d p F(X) = Zx{r), where Zx is the Jacobi vector field 
along c p with initial value Zx{0) = X and Z' x (0) = —AX. Using the explicit description 
of the Jacobi operator given in Table [37TI for the case JN _L $N we get 

'E x (r) , if XeT 7 , 

Z x (r) = <j (cosh (^=r) - v^sinh (75^)) #x(r) , if X e T K and « G {Ai, A 2 }, 



cosh (y/2r) - ^ sinh (V2r) J £*(r) , if X e T K and k e {a, /?}, 
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where E x denotes the parallel vector field along c p with E x (0) = X. This shows that the 
kernel ker dF of dF is given by 



and that F is of constant rank equal to the rank of the vector bundle T a © T 7 © T\ 1 , 
which is equal to An. Thus, locally, F is a submersion onto a 4n-dimensional submanifold 
B of SU2,2n/ ' StyzU^n) ■ Moreover, the tangent space of B at F{p) is obtained by parallel 
translation of (T a © T 7 © T\ 1 ) (p) = (H£ ©T Al )(p), which is a quaternionic (with respect to 
Z) and real (with respect to J) subspace of T p SU2,2n/ S \U2U2n) ■ Since both J and 3 are 
parallel along c p , also Tp( p )B is a quaternionic (with respect to 3) and real (with respect 
to J) subspace of T F ^SU2,2n/ SiJJ^Uin)- Thus B is a quaternionic and real submanifold of 
SU2,2n/ S{U2U2n)- Since every quaternionic submanifold of a quaternionic Kahler manifold 
is necessarily totally geodesic (see e.g. |5]), we see that B is a totally geodesic subman- 
ifold of SU 2) 2n/ S(U2U 2n )- The well-known concept of duality between symmetric spaces 
of noncompact type and symmetric spaces of compact type establishes a one-to-one cor- 
respondence between totally geodesic submanifolds of a symmetric space of noncompact 
type and its dual symmetric space of compact type. Using the concept of duality between 
the symmetric spaces SU2,2n/ 'Sip^U^ an d S'^2+2n/S'(kW2n), it follows from the classifi- 
cation of totally geodesic submanifolds in complex 2-plane Grassmannians (see [6J), that 
B is an open part of a quaternionic hyperbolic space M.H n embedded in SU2,2n/ ^(C^C^n) 
as a totally geodesic submanifold. Rigidity of totally geodesic submanifolds implies that 
M is an open part of the tube with radius r around MH n in S'L^n/S'^^n)- 

Now assume that M satisfies property (ii) in Proposition 16.71 As above we define 
c p , F, X z , E x , and we get 



for all t G M. Now consider a geodesic variation in SU2,m/ S{U2U m ) consisting of geodesies 
c p . The corresponding Jacobi field is a linear combination of the three types of the Jacobi 
fields Z x listed above, and hence its length remains bounded when t — > 00. This shows 
that all geodesies c p in SU2, m / S(U2U m ) are asymptotic to each other and hence determine 
a singular point z G SU2 )m / S(U2U m ) (00) at infinity. Therefore M is an integral manifold of 
the distribution on SU2, m / S(U2U m ) given by the orthogonal complements of the tangent 
vectors of the geodesies in the asymptote class z. This distribution is integrable and 
the maximal leaves are the horospheres in SU2, m / S(U2U m ) whose center at infinity is 
z. Uniqueness of integral manifolds of integrable distributions finally implies that M is 
an open part of a horosphere in SU2 ;m / S(U 2 U m ) whose center is the singular point z at 
infinity. 

Altogether we have now proved the following result: 

Theorem 6.8. Let M be a connected hypersurface in SU2, m / S{U2U m ) , m > 2. Assume 
that the maximal complex subbundle C ofTM and the maximal quaternionic subbundle Q 
ofTM are both invariant under the shape operator of M. If JN _L ^A^, then one of the 
following statements holds: 

(i) M is an open part of a tube around a totally geodesic MH n in SU2,2nl ' S(U2U2 n ), 



ker dF = T P ® T Aa = Q ± ® T\ 2 , 




m = 2n; 
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(ii) M is an open part of a horosphere in SU 2 , m / S(U 2 U m ) whose center at infinity is 
singular and of type JN _L $N; 

(iii) M has at least four distinct principal curvatures, three of which are given by 

a = P = V2, 7 = 0, A = i= 

with corresponding principal curvature spaces 

T Q = (C n Q) x , T 7 = jq 1 - , T A c c n Q n JQ. 

If n is another (possibly nonconstant) principal curvature function , then JT^ C T\ 
and 3T M C T A . 

We investigated thoroughly case (iii), but failed to establish the existence or non- 
existence of a real hypersurface having principal curvatures as described in case (iii). 
However, we now conjecture that case (iii) in Theorem 16.81 cannot occur. 

6.2. The case JN G $N. In this subsection we assume that JN G $N. There exists an 
almost Hermitian structure J\ G Z so that JN = J\N. We then have 

£ = a , a = fa , = -£ 3 , 0£s = 6 , C Q , QcC. 

By inserting X = £2 (or X = £3) into the equation in Proposition 16. II we get 

2/3 2 /? 3 -«(& + &) + 2 = 0. (6.5) 

From Propositions 16.11 and 16.21 we immediately get 

Lemma 6.9. Let X 6 Q with AX = XX . Then we have 

(2X-a)A(f)X = (aX-l^X-faX, (6.6) 
(2X-a)A(j) 1 X = (aX - tyfaX - <j>X, (6.7) 
(2X-f3 u )A<p u X = {(3 U X - l)(j) v X , v = 2, 3. (6.8) 

By adding equations (16.61) and (16. 7\i we get 

(2A - a)A(<f> + <j>x)X = (aX -2){<f> + 0i)X, (6.9) 

and by subtracting (16. 7p from (16.61) we get 

(2X-a)A((f>-<f>x)X = aX{(l>-<f>x)X. (6.10) 

Note that on Q we have (00i) 2 = / and tr(00x) = 0. Let E+\ and E_i be the 
eigenbundles of 4>4>\\Q with respect to the eigenvalues +1 and —1 respectively. Then the 
maximal quaternionic subbundle Q of TM decomposes orthogonally into the Whitney 
sum Q = E + i © E-\, and the rank of both eigenbundles E±\ is equal to 2m + 2. We have 
X e E + i if and only if (j)X = —<piX and X G E-\ if and only if (j)X = 4>\X. 

Lemma 6.10. Let X e Q with AX = XX. If 2X = a, then X = I, a = 2 and X G E_ x . 

Proof. From (I6.9p and (16.101) we see that one of the following two statements holds: 

(i) A = 0, a = and X G E +l ; 

(ii) A = 1, a = 2 and X G E- X . 
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In case (ii) we assume without loss of generality that a > 0. We have to exclude case (i). 
Assume that A = 0, a = and X G E + i. From (16.51) we get /? 2 /3 3 = — 1, and therefore 
both /?2 and (3% are nonzero. From (16.81) we get 

A<j> v X = —<f) v X , v = 2,3. 

Pi/ 

By applying (16.81) for v = 2 to 3 X we obtain 

J-a^x = - ^ A0 2 3 x = (^-i) fcfox = ( fc^Hi) fax, 



and by applying (16.81) for v = 3 to 2 X we obtain 

l^x = _ (1 _ A ) A ^ x = - (| - 1) = (A^A) 

The previous two equations imply (3 2 = /3 3 , which contradicts /3 2) 5 3 = —1. It follows that 
case (i) cannot hold. □ 

We denote by A the set of all eigenvalues of A\Q, and for each pG Awe denote by T p 
the corresponding eigenspace. 

We will first assume that there exists A G A with 2A = a. Then we have a = 2, A = 1 
and T\ C according to Lemma 16.101 Since a = 2, ( 16. 51) becomes 

o = - (ft + ft) + 1 = (ft - i)(ft - i)- 

Therefore we have /3 2 = 1 or (3$ = 1. Without loss of generality we may assume that 
P2 = 1- From (16.81) we get AfaX = for all X G 7\. Applying (16. 7p to 2 X and using 
the fact that X G ELi we get A<f) 3 X = for all X G Tj. Thus we have shown that 

G A , <f) 2 Ti C T , 3 T! C T . (6.11) 

Next, we apply (16.81) for v = 2 to 3 X, which yields AfaX = <p±X, and applying (16. 8p for 
v = 3 to 2 X gives ^AfaX = 0iX. Comparing the previous two equations shows that 
(33 — 1. Thus we have proved that 

02 = 133 = 1, ^iTiCTi. (6.12) 

Now we choose p G A \ {1} and Y G T p . From (16.111) we know that A \ {1} ^ 0. From 
<KE\f and (1BTT21 we get (2p - 1)A0„Y = (p - l)<p u Y for 1/ = 2, 3. Since p ^ 1 this implies 
2p ^ 1 and 

P* = |^ G A , 2 T p C 2> , <p 3 T p C T p *. (6.13) 

Note that (p*)* = p and 0* = 1 = A. Finally, we apply ( 16.81) for v = 2 to 3 Y and obtain 
A(piY = p<f>{Y , and therefore 

0iT p C T p . (6.14) 
From (16. 7p and (16.141) we obtain (2p — 2)p(piY = (2p — l)(piY — <pY and therefore 

0F = (-2p 2 + 4p - l)0iK 

Since 0Y and 0]Y have the same length, this implies 

Y G E±i , -2p 2 + 4p-l = ±1. 

The equation — 2p 2 +4p— 1 = 1 has p = 1 as a solution with multiplicity 2, and the equation 
— 2p 2 + 4p — 1 = — 1 has p = and p = 2 as solutions. However, for p = 2 we would have 
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| = p* E A according to ()6.13|) . but since | is not a solution of — 2p 2 + 4p — 1 = ±1, we can 
dismiss the case p = 2. Altogether we have shown that A = {0, 1}. From (I6.11l) - (l6.14p it 
is clear that T and Tx have the same dimension, and hence dimT = dimT! = 2m + 2. 
Since T\ C ELi and the rank of ELi is 2m + 2, we get 7\ = E-\. From the two orthogonal 
decomposition Q = E +1 © E-x = T © T x we also get T = E +1 . Thus we have proved 

Proposition 6.11. Assume that there exists a principal curvature A G A with 2A = a. 
Then M has three distinct constant principal curvatures 0, 1 and 2 with multiplicity 
2m + 2, 2m + 4 and 1, respectively. The corresponding principal curvature spaces are 
E + i, E_i © {C Q) and C 1 - , respectively. 

We will now assume that 2A 7^ a for all A G A. The linear maps 

Q — > E+i , X i-h. (0 - 0i)X and Q -»• E-x , X i-> (0 + </> x )X 

are epimorphisms, and according to (16. 9p and (I6.10p each of them maps principal curvature 
vectors in Q either to or to a principal curvature vector in E+i resp. E-x- It follows 
that there exists a basis of principal curvature vectors in Q such that each vector in that 
basis is in E + x or in E-x. In other words, we have 

T\ = (T A n E +1 ) © (T\ n E-x) for all A G A. 

From (I6.6P and the 0-invariance of we get 

Lemma 6.12. Let A G A. Then we have 

otX 

A<f>X = — <pX G E +1 for all X G T A n £ +i (6.15) 

2A — a 

A(j>X = " A ~ 2 0X G S_i for all X G T A n £L X (6.16) 
2A — a 

This shows that the cardinality |A| of A satisfies |A| > 2. From (16.81) we easily get 

Lemma 6.13. Let A G A. If 2X = (3 V , then (X = 4g and @ u = \[2) or (X = — \ and 
(3 U = -y/2). Moreover, if (3 V = V2, then 4- G A and <f> v T x C T 1/v ^ /or all X G A\{l/\/2}. 
Similarly, if (3 V = —\[2, then — 4j G A and </>j,T\ C T_y^ f or all X E A\ { — l/y/2}. 

Lemma 6.14. Let X E A, v E {2,3}, and assume that 2X 7^ (3 V . Then we have 

X - = !f ~a e A and §vT\ C T Xv . (6.17) 
l\ — p v 

Moreover, if both 2X 7^ /3 2 and 2X 7^ /3 3; i/ien one of the two following statements holds: 

(i) T\ C E+x and 2A 2 A 3 - a(A 2 + A 3 ) + 2 = 0; 

(ii) T\ c £_i and 2A 2 A 3 - a(A 2 + A 3 ) = 0. 

Proof. The first statement follows from (16.81) . From (16. 7p we obtain for X E T\ that 
= (2A 2 - a)A0x0 2 X - (aA 2 - l)0x0 2 X + 00 2 X 
= (2A 2 - a)A<J) 3 X - (aX 2 - 1)0 3 X + 2 0X 
= (2A 2 - a)X 3 (j) 3 X - (aX 2 - l)faX + 2 0X 
= (2A 2 A 3 - a(A 2 + A 3 ) + 1)0 3 X + 2 0X 
= -(2A 2 A 3 - «(A 2 + A 3 ) + l)0 2 0iX + 2 0X. 
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This implies 

= (2A 2 A 3 - a{\ 2 + A 3 ) + l)<h.X - <f>X, 
from which the assertion easily follows. □ 

Lemma 6.15. Let A, A 2 , A 3 G A and assume that <p v T\ C T\ v for v = 2,3. If 2A 3 7^ fa 
and 2A 2 7^ fa, then at least one of the following three statements holds: 

(i) 2A 2 = 1; 

(ii) fafa = 2; 

(iii) fa = fa- 

Proof. Let X G T\. From Lemma [6.141 we obtain 

V2V3 2A 3 -&™ (/? 2 /? 3 -2) + 2(/3 3 -/?2)A^ 

V3V2 2A 2 -/3 3 OT (P2lh-2) + 2(J32-fo)y 

Comparing these two equations leads to = (2A 2 — l)(fafa — 2)(fa — /3 2 ), which implies 
the assertion. □ 

Lemma 6.16. If p 2 7^ 2 7^ 0*, then fa = Pa- 
Proof. If A = -j= G A, then Lemma [6. 141 implies A 2 = A 3 = — A= and a < 0. If A = — 4= G 
A, then Lemma [6. 141 implies A 2 = A 3 = and a > 0. Thus we have A 7^ {±-^}, and it 
follows from Lemma [6.151 that P2P3 = 2 or /3 2 = /?3- 

Let us assume that /3 2 /3 3 = 2. From (16. 5B we obtain a(/3 2 + /3 3 ) = 6 and hence a ^ 0. 
Moreover, from /3 2 /3 3 = 2 and (16.5j) we see that /3 2 and /3 3 are the solutions of the quadratic 
equation 

ax 2 - 6x + 2a = 0. (6.18) 
From (16.171) we obtain A 2 A 3 = |. If we choose A G A with T x C E +1 , Lemma [6. 141 (i) 
implies that A 2 and A 3 are the solutions of the quadratic equation 

2ax 2 — 6x + a = 0. 

It follows that both 2A 2 and 2A 3 are solutions of the quadratic equation (16.181) . which 
means that fa = 2A 2 or fa = 2A 3 . In both cases we deduce (3 2 = 2 from Lemma 16.131 
which is a contradiction to the assumption. Therefore we must have fafa 7^ 2, and we 
conclude that fa — fa. □ 

Lemma 6.17. Assume that there exist A G A and v G {2,3} such 2A = fa. Then we 
have A = -j=, fa = fa = y/2, a = and E_ 1 C T A . 

Proof. Without loss of generality we may assume that 2 A = fa. Using Lemma 16.131 we 
can also assume that A = and fa = y/2 (by choosing a suitable orientation of the 

normal vector). Inserting fa = y/2 into ( 16.51) gives {2y/2 — a) fa = y/2a — 2. It follows 
from this equation that a 7^ 2y/2 and 

This implies fa 7^ —a/2. We first assume that fa 7^ y/2 = fa. Since |A| > 2, there exists 
p G A \ {A}, and any such p satisfies 2p 7^ fa (since p 7^ A and 2A = fa) and 2p 7^ fa 



24 



JURGEN BERNDT AND YOUNG JIN SUH 



since 3 ^ ±y/2 and because of Lemma f6 . 1 3 p . From Lemma \6. 141 we see that 4> U T P C T Pi/ 
with p 2 = 75 = A and p 3 = ggi G A. We have 2p 2 = ^2 = 2 7^ 3 . Therefore, 
if 2p 3 ^ /5 2 , we deduce p = — ^= from Lemma [£L15] (since y/2 = 2 ^ 03 and p ^ A). 
Otherwise, if 2p 3 = 2 = v^2 we get = P3 = by Lemma 16.131 which is equivalent 

to (v2p + 1)03 = (v2p + l)v2. Since 3 7^ v2 this implies p = — 4g as well. Altogether 
we conclude that A = {±^}. However, if p = —75, we have 1 = ^Ep\ = P3 ^ A, which is 
a contradiction. Hence we must have 03 = 02 = \/2. From (16.191) we then obtain a = -^=. 
Assume that there exists p G A\ {A} such that T p C\E-i 7^ {0}, and let 7^ X G Tpfl-ELi. 
From (ISTTTj) we obtain 2 AT G T A n £+i and 3 X G T A n J5 + i. Using flBTToD we then get 

A0 3 X = A0!0 2 X = -A00 2 X = -^PfoX = -^fafaX = ~^=<hX, 

which contradicts 03X" G T\. Thus we conclude that there exists nop £ A \ {A} such that 
T p PI 7^ {0}, which means that C T\. □ 

We will now use the above results to derive some restrictions for the principal curvatures: 

Proposition 6.18. Let M be a connected hypersurface in SU2 j7n / S(U2U m ), m > 2. As- 
sume that the maximal complex subbundle C ofTM and the maximal quaternionic sub- 
bundle Q ofTM are both invariant under the shape operator of M. If JN G $N, then 
one the following statements holds: 

(i) M has exactly four distinct constant principal curvatures 

a = 2 coth(2r) , = coth(r) , Ai = tanh(r) , A 2 = 0, 

and the corresponding principal curvature spaces are 

T a = C x , Tp = C Q Q , T\ 1 = E-x , T\ 2 = E+i. 

The principal curvature spaces T\ 1 and T\ 2 are complex (with respect to J) and 
totally complex (with respect to Z). 

(ii) M has exactly three distinct constant principal curvatures 

a = 2 , = 1, A = 
with corresponding principal curvature spaces 

T a = C ± , Tp = (CeQ)@ £-1 , T\ = E +1 . 

(iii) We have a = 2 = 3 = V2, |A| > 2, A = ■+= G A and £U C T\. 

Proof. If there exists a principal curvature A G A such that 2 A = f3 v for some v G {2, 3}, 
we get statement (iii) from Lemma 16.171 We now assume that 2A 7^ (3 U for all A G A and 
all v G {2,3}. We have to show that M satisfies (i), (ii) or (iv). 

If there exists a principal curvature A G A with 2 A = a, we get case (ii) from Proposition 
16.111 Thus we can assume that 2A 7^ a for all A G A. Since 2A 7^ f3 v for all A G A, we 
obtain from Lemma 16.131 that 0^ 7^ 2 for v G {2,3}. From Lemma 16.161 we obtain 
02 = 03 =: 0, and (16. 5ft implies 

2 -a0+l = O. (6.20) 
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Note that if (3 is a solution of (|6.20p . then i is the other solution. In case (3 = \ (16.201) 
has a root of multiplicity two. Let A G A and X G T\. Then, using Lemma [6.14[ we see 
that for v G {2, 3} we have Acj) v X = \*(p u X with 

Note that (A*)* = A since (3 2 ^ 2. Moreover, we have T A C E± x and 

T A , C £_i and A* 2 - aA* + 1 = if T A C E +1 (6.21) 
T\* C E +1 and A* (A* - a) = if T A C £Li (6.22) 

We choose A G A such that T x C £U- From fl6T20|) and fl6T22l) we then obtain A* = or 
A* = a. Assume that A* = a. Then we have a G A and T Q C £7+1- From (16.201) and (16.211) 
we then get a* G {/3, The equation a* = /3 is equivalent to [3 2 — a/3 — 1=0, which 

contradicts (I6.20p . The equation a* — \ is equivalent to a(f3 2 — 2) =0. Since [3 2 ^ 2 this 
implies a = 0, which contradicts (16.201) . Therefore A* = a is impossible, and we conclude 
that A* = and hence A = i. Altogether we conclude that A = {0, -g}, T = and 
Ti = £Li. 

From Equation (16. ip we see that the gradient grad" of a on M satisfies grad° = (£a)£, 
and as in the proof of Proposition 16. 71 we obtain (^a)g((A(p + <j)A)X, Y) = for all vector 
fields X, Y on M. Since ELi is invariant under both <fi and A, we get for all X G -E-i that 

= {^a)g({A<f> + <j>A)X, <f>X) = ^a)g(<j>X, cf>X), 

which implies £ct = 0. Therefore grad" = (£ct)£ = 0, and since M is connected we 
conclude that a is constant. 

It follows easily from (I6.20p that a 2 > 4. If a 2 = 4, then (3 — | and hence 2Ai — a = 
for Ai = 4 G A, which contradicts our assumption that 2A 7^ a for all A G A. Thus we 

have a 2 > 4 and we can write a = 2 coth(2r) for some r G M+ (and possibly changing the 
orientation of the normal vector). From (16.201) we then obtain (3 = coth(r) and therefore 
Ai = -s — tanh(r). Altogether this shows that statement (i) holds. □ 

Assume that M satisfies property (i) in Proposition 16.181 For p G M we denote by 
c p : M. — > SU2,m/ ' S{U2U m ) the geodesic in 5 , L r 2 , m /5'(^2^m) with c p (0) = p and c p (0) = N p , 
and define the smooth map 

F : M -> SU 2 , m /S(U 2 U m ),p h-> Cp (r). 

Geometrically, F is the displacement of M at distance r in direction of the unit normal 
vector field N . For each p G M the differential d p F of F at p can be computed using 
Jacobi vector fields by means of d p F(X) = Zx{r), where Zx is the Jacobi vector field 
along c p with initial value Zx(0) = X and Z' x (0) = —AX. Using the explicit description 
of the Jacobi operator Rn given in Table I3TT1 for the case JN = J\N G ZN we get 

(E x (r) , if XGT A2 , 

z x(r) = I (cosh(r) - Ksmh(r))E x (r) , if X G T K and k G {/3, AJ, 
[ (cosh (2r) - f sinh (2r)) E x (r) , if X G T a , 
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where E x denotes the parallel vector field along c p with E x (0) = X. This shows that the 
kernel ker dF of dF is given by 

ker dF = T a ®T^ = ZN = Q L , 

and that F is of constant rank equal to the rank of the quaternionic vector bundle Q, 
which is equal to 4(m — 1). Thus, locally, F is a submersion onto a 4(m — l)-dimensional 
submanifold B of St^.m/ S(U 2 U m ). Moreover, the tangent space of B at F(p) is obtained 
by parallel translation of (T\ 1 © T\ 2 )(jp) = Q{p), which is a quaternionic (with respect to 
Z) and complex (with respect to J) subspace of T p SUi,ml 'SiU^U^). Since both J and 3 
are parallel along c p , also Tp( p )B is a quaternionic (with respect to 3) and complex (with 
respect to J) subspace of T F u,\SU2,ml 'SiU^Um). Thus B is a quaternionic and complex 
submanifold of SU2,m/ 'S(U%U m ). Since every quaternionic submanifold of a quaternionic 
Kahler manifold is necessarily totally geodesic (see e.g. [5]), we see that B is a totally 
geodesic submanifold of SU2 >m / S(U 2 U m ). Using the concept of duality between the sym- 
metric spaces SU2, m / S(U 2 U m ) and SU 2 + m / S(U 2 U m ), it follows from the classification of 
totally geodesic sub manifolds in complex 2-plane Grassmannians (see [5]), that B is an 
open part of SU 2 , m -i/ ' S(U2U m -i) embedded in SU2, m / S(U2U m ) as a totally geodesic sub- 
manifold. Rigidity of totally geodesic submanifolds implies that M is an open part of the 
tube with radius r around SU2, m -i/ S(U2U m -i) in SU2 t m/ S(U2U m ). 

Now assume that M satisfies property (ii) in Proposition 16.181 As above we define 
c p , F, Xz, Ex, and we get 

(E x (t) ,ifXeT x , 

Z x (t) = \ exp(-t)E x (t) , if X G Tp, 
[exp{-2t)E x (t) , if X (El T a 

for all i e K. Now consider a geodesic variation in SU2 >m / S(U2U m ) consisting of geodesies 
c p . The corresponding Jacobi field is a linear combination of the three types of the Jacobi 
fields Z x listed above, and hence its length remains bounded when t — ► oo. This shows 
that all geodesies c p in SU2, m / S(U2U m ) are asymptotic to each other and hence determine 
a singular point z G SU2, m / S(U2U m )(oo) at infinity. Therefore M is an integral manifold of 
the distribution on SU2 >m /S(U2U m ) given by the orthogonal complements of the tangent 
vectors of the geodesies in the asymptote class z. This distribution is integrable and 
the maximal leaves are the horospheres in SU2, m / S(U2U m ) whose center at infinity is 
z. Uniqueness of integral manifolds of integrable distributions finally implies that M is 
a open part of a horosphere in SU2,m/ S(U2U m ) whose center is the singular point z at 
infinity. 

Finally, assume that M satisfies property (iii) in Proposition 16.181 Let t G M+ such 
that coth(t) = y/2 = (3. Then we have a = ^= = 2coth(2t) and A = -j= = tanh(t). As 
above we define c p , F, X z , E x . Since M is a hypersurface, also M r = F(M) is (locally) 
a hypersurface for sufficiently small r G M+. The tangent vector c p (r) is a unit normal 
vector of M r at c p {r). Since c p (0) = N p is a singular tangent vector of type JX G JX, 
every tangent vector of c p is singular and of type JX G JX. The tangent space T Cp ^M r 
of M r at Cp(r) is obtained by parallel translation of T P M along c p from c p (0) to c p {r). We 
denote by C r the maximal complex subbundle of TM r and by Q r the maximal quaternionic 
subbundle of TM r . Let A r be the shape operator of M r with respect to c p {r). For X G T a 
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we have A r Zx{r) = —Z' x {r) with 

Z x (r) = (cosh(2r) - coth(2t) sinh(2r)) E x {r). 

It follows that Ex{r) is a principal curvature vector of M r with corresponding principal 
curvature 

2 sinh(2r) - 2 coth(2t) cosh(2r) 

«r = t\tA : ttttA , J\ = 2 coth 2 r + t)). 

cosh(2r) - coth(2t) sinh(2r) v v " 

Since T a = C x = RJiV and J is parallel, we see that (Cr) -1 , and hence also C r , are invariant 
under the shape operator of M r . For X e we have A r Zx{r) = —Z' x (r) with 

Zx(r) = (cosh(r) — coth(t) sinh(r)) E x {r). 

Since = C Q and both J and J7" are parallel, we conclude that C r Q r is invariant 
under A r . Altogether this implies that Q r is invariant under the shape operator of M r . 
We thus have proved that M r satisfies the assumptions of Proposition 16.181 It is easy 
to see that a r {t^ ; 2} for r 6 1R + , and hence the principal curvatures of M r must 
satisfy (i) in Proposition 16.181 Therefore M r is an open part of a tube with radius r + t 
around a totally geodesic SU2, m -i/S(U 2 U m -i) in ST^m/SX^Wm)- This implies that M 
is an open part of a tube with radius t around a totally geodesic 5 , [/ 2 m-i/5'(^2^m-i) in 
SU 2jm /S{U 2 U m ). 

Altogether we have now proved the following result: 

Theorem 6.19. Let M be a connected hypersurface in SU2 7 m/S(U2U m ), m>2. Assume 
that the maximal complex subbundle C of TM and the maximal quaternionic subbundle 
Q ofTM are both invariant under the shape operator of M . If the normal bundle of M 
consists of singular tangent vectors of type JX G $X , then one the following statements 
holds: 

(i) M is an open part of a tube around a totally geodesic SU 2 m -\/ S(U 2 U m ^\) in 
SU 2>m /S{U 2 U m ); 

(ii) M is an open part of a horosphere in SU 2)m / S(U 2 U m ) whose center at infinity is 
singular and of type JX 6 $X. 

The main result, Theorem 11.21 now follows by combining Proposition I6.3[ Theorem 16.81 
and Theorem 16.191 
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